Rules for integrands of the form (a + bSin[e + fx]2)? (A+BSin[e + f x]?)

1.JXa+bﬁnh+fer(A+Bﬁnh+fxr)dxwmmp>e

1: J(a+bsin[e+fx]2) (A+Bsin[e+fx]?) ax

Derivation: Algebraic expansion
Basis: (a+bz) (A+Bz) = i (4A (2a+b) +B (4a+3b)) -i (4Ab+B (4a+3b)) (1-22) - isz (3-42)

Rule:

J-(a+bsin[e+fx]2) (A+BSin[e+fx]?) dx —

(4A (2a+b) +B (4a+3b)) x (4Ab+B(4a+3b))am[e+fx]shﬂe+fx] bBGm[e+fx]Sﬂqe+fo

8 8f 4f

Program code:

Int[(a_+b_.»sin[e_.+f_.%x_]"2) % (A_.+B_.xsin[e_.+f_.#x_]~2),x_Symbol] :=
(4%Ax (2xa+b) +B* (4xa+3xb) ) *x/8 -
(4xAxb+Bx (4xa+3xb) ) xCos [e+f*x] *Sin [e+f*x]/(8*f) -
b*B*Cos[e+f*x]*Sin[e+f*x]A3/(4*f) /3

FreeQ[{a,b,e,f,A,B},x]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: J(a+bsin[e+fx]2)p (A+Bsin[e+fx]2) dx when p >0

Rule: If p > 0, then
j(a+bsin[e+fx]2)p (A+BSin[e+-Fx]2) dx —

BCos[e+fx] Sin[e+ fx] (a+bSin[e+-Fx]2)p
) 2f (p+1)

+

1
2 (p+1)

J(a+bsin[e+1:x]2)p'1 (aB+2aA (p+1) + (2Ab (p+1) +B (b+2ap+2bp)) Sin[e+-Fx]2) dx

Program code:

Int[(a_+b_.xsin[e_.+f_.%x_]"2)"p_x(A_.+B_.*sin[e_.+f_.xx_]"2),x_Symbol] :=
-BxCos [e+'F*X] *Sin [e+-F*x] * (a+b*Sin [e+'F*X] "2) "p/(Z*‘F* (p+1) ) +
1/ (2% (p+1)) *Int [ (a+b*Sin [e+f*x] "2) A(p-1) =
Simp [aB+2xaxA% (p+1) + (2Axbx (p+1) +Bx (b+2xaxp+2xbxp) ) #Sin[e+fxx]"2,x],x] /;
FreeQ[{a,b,e,f,A,B},x]| && GtQ[p,O]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2. j(a+bsin[e+fx]2)p (A+BSin[e+-Fx]2) dx when p<©

A+BSin[c+dx]?
1:J dx

a+bsin[e+fx]*

Derivation: Algebraic expansion

‘. AtBz __ B Ab-aB
Basis: atbz b b (a+b z)

Rule:

dx — — + dx

J~A+Bsin[c+dx]2 B x Ab—aBJ 1
a+bSin[e+-Fx]2 b b

.a\+bSin[e+1=x]2

Program code:

Int[(A_.+B_.#sin[e_.+f_.xx_]"2)/(a_+b_.#sin[e_.+f_.+x_]"2),x_Symbol] :=
Bxx/b + (Axb-axB)/bxInt[1/(a+bxSin[e+fsx]*2),x] /;
FreeQ[{a,b,e,f,A,B},x]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

A+BSin[c+dx]2
2: dx

\/a+bsin[e+fx]2

Derivation: Algebraic expansion

. . 2 3 2
Basjs: _A:Bsin(z]*? __ B a+bsln[2] N Ab-aB

a+bSin[z]? b+/a+bSin[z]?

Rule:

A +BSin[c+dx]2 B . R Ab-aB 1
dx — — a+b51n[e+fx] dx + dx
b b \a+bsin[esfx]?

\a+bsin[e+fx]?

Program code:

Int[(A_.+B_.#sin[e_.+f_.xx_]"2)/sqrt[a_+b_.xsin[e_.+f_.+x_]"2],x_Symbol] :=
B/bxInt[Sqrt[a+bxSin[e+fsx]*2],x] + (Axb-axB)/bxInt[1/Sqrt[a+bxSin[e+fsx]*2],x] /;
FreeQ[{a,b,e,f,A,B},x]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

3: J(a+bsin[e+fx]2)p (A+BSin[e+fx]2) dx whenp<-1 A a+b#0

Rule:lf p< -1 A a+b # 0,then
j(a+bsin[e+fx]2)p(A+BSin[e+-Fx]2) dx —

(Ab-aB) Cos[e+fx]Sin[e+fx] (a+bSin[e+-Fx]2)p+1

2af (a+b) (p+1)
1

2a (a+b) (p+1)

J(a+bsin[e+fx]2)p+1 (aB-A(2a(p+1) +b (2p+3)) +2 (Ab-aB) (p+2) Sin[e+-Fx]2) dx

Program code:

Int[(a_+b_.xsin[e_.+f_.%x_]"2)"p_x(A_.+B_.*sin[e_.+f_.xx_]"2),x_Symbol] :=
- (Axb-axB) xCos [e+'F*X] *Sin [e+'F*X] * (a+b*S:i.n [e+'F*X] "2) 2 (p+1)/(2*a*f* (a+b) » (p+1) ) -
1/ (2xax (a+b) » (p+1) ) *Int [ (a+b*Sin [e+'F*x] "2) A(p+1) *
Simp [a*B-Ax (2xax (p+1) +b* (2#p+3) ) +2# (Axb-axB) » (p+2) »Sin[e+Ffxx]~2,x],x] /;
FreeQ[{a,b,e,f,A,B},x] && LtQ[p,-1] && NeQ[a+b,0]

3: J-(a+bsin[e+fx]2)p (A+BSin[e+fx]2) dx when p ¢z

Derivation: Piecewise constant extraction and integration by substitution

. . 2
Basis: A + BSin[z]? == A-bELiaz

(a+bSin[e+fx]2)" (Sec[e+fx]2)°

(a+ (a+b) Tan[e+f x]?) P

::@

Basis: Oy

Basis: F [Tan[e + fx]] = 1 Subst|fX], x, Tan[e+fx] | oxTan[e+ fx]

X
1+Xx

Rule: If p ¢ Z, then



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

(a+bSin[e+-Fx]2)p (Sec[e+fx]2)p J(a+ (a+b) Tan[e+-Fx]2)p (A+ (A+B) Tan[e+-Fx]2)
dx

J(a+bsin[e+fx]2)p (A+BSin[e+fx]2) dx —

(a+ (a+b) Tan[e+-Fx]2)p (1+Tan[e+1:x]2)p+1

—

(aepeinfer DXJ) (Secler D)7 gy (22 @eDXN L A0 ) o ranfee ]

f(a+ (a+b) Tan[e+-Fx]2)p (1+x2)p+2

Program code:

Int[(a_.+b_.#sin[e_.+f_.xx_]~2)"p_x (A_.+B_.xsin[e_.+f_.+x_]~2),x_Symbol] :=
With[{ff=FreeFactors[Tan[e+fxx],x]},
ffx (a+b*Sin [e+‘F*x] "2) Apx (Sec [e+f*x] "2) "p/(f* (a+ (a+b) xTan [e+'F*x] "2) "p) *
Subst [Int[ (a+ (a+b) xFFf 2xx"2) "px (A+ (A+B) #FF 24X 2) / (1+FF 24x"2) A (p+2) ,X|, X, Tan[e+F+x] /FF]] /;
FreeQ[{a,b,e,f,A,B},x] && Not[IntegerQ[p]]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

Rules for integrands of the form u (a + bSin[e + fx]?)°

1. Ju (a+bsin[e+fx]2)pdlx when a+b==0

1: Ju (a+bSin[e+-Fx]2)pd]x whena+b=0 A pez

Derivation: Algebraic simplification
Basis:If a+b ==0,thena+bSin[z]? == aCos[z]?
Rule:If a+b =0 A p € Z,then

ju (a+bSin[e+-Fx]2)pd1x — apquos[e+fx]2pdx

Program code:

Int[u_.+(a_+b_.#sin[e_.+f_.xx_]"2)"p_,x_Symbol] :=
arpxInt[ActivateTrig[uxcos[e+fxx]|"(2+p) |,x] /;
FreeQ[{a,b,e,f,p},x] & EqQ[a+b,0] && IntegerQ[p]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: Ju (a+bsin[e+fx]2)"dlx whena+b==0

Derivation: Algebraic simplification
Basis:If a+b == 0,thena+bSin[z]2 == aCos[z]?
Rule: If a + b == 9, then

Ju (a+bsin[e+fx]*)Pdx — Ju (acos[e+fx]?*)Pax

Program code:

Int[u_.+(a_+b_.+sin[e_.+f_.xx_]"2)"p_,x_Symbol] :=
Int[ActivateTrig[ux (axcos[e+fxx]"2)~p],x] /;
FreeQ[{a,b,e,f,p},x]| && EqQ[a+b,0]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2. j(a+bsin[e+fx]2)pdx

1. J(a+bsin[e+fx]2)pdx whena+b#0 A p>0

1. J\/a+bsin[e+fx]2 dx
1: J\/a+bsin[e+fx]2 dx when a >0

Rule: If a > @, then

. 2 va s b
a+bsin[e+fx]* dx — TElllptlcE[e+fx, ——]
a

Program code:

Int[Sqrt[a_+b_.xsin[e_.+f_.#x_]~2],x_Symbol] :=
Sqrt[a] /f+E1lipticE[e+fxx,-b/a] /;
FreeQ[{a,b,e,f},x] && GtQ[a,0]

2: J\/a+bsin[e+fx]z dx when a3

Derivation: Piecewise constant extraction

\/a+b Sin[e+f x]? -0

Basis: Oy
1+ bSin[e+fx]?

a

Rule: If a # 0, then



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

f\/a+bSin[e+fX]2 dx — \/a+b51n[e+fx] J\/ bSln[e+fx]

1 bSin e+fx

Program code:
Int[Sqrt[a_+b_.xsin[e_.+f_.+x_]~2],x_Symbol] :=

Sqrt[a+bxSin[e+fxx]~2] /Sqrt[1+bsSin[e+fxx]~2/a]+Int[Sqrt[1+ (bxSin[e+fxx]~2)/a],x] /;
FreeQ[{a,b,e,f},x] & Not[GtQ[a,0]]

2: J(a+bsin[e+fx]2)2dx

Derivation: Algebraic expansion
Basis: (a+bz)® =1 (8a%+8ab+3b?) -2 (8a+3b) (1-22) - 2b? (3-42)2

Rule:

J(a+bsin[e+fx]2)2dx —

(8a?+8ab+3b?) x b (8a+3b)Cos[e+fx]Sin[e+fx] b’>Cos[e+fx] Sin[e+-Fx]3

8 8f 4f

Program code:

Int[(a_+b_.»sin[e_.+f_.%x_]"2)~2,x_Symbol] :=
(8xa”2+8xaxb+3xb"2) xx/8 -
bx (8xa+3xb) xCos [e+'F*x] *Sin [e+f*x]/(8*f) -
b”2xCos [e+f*x] *Sin [e+‘F*x] "3/ (4*'F) /3
FreeQ[{a,b,e,f},x]

10



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

3: J-(a+bsin[e+fx]2)pd1x whena+b#0 A p>1

Rule:lf a+b +0 A p > 1,then
j(a+bsin[e+fx]2)pdx —

bCos[e+fx] Sin[e + fx] (a+bSin[e+-Fx]2)p'1
i 2fp

+

L (a+bSin[e+-Fx]2)p'2 (a(b+2ap) +b(2a+b) (2p-1) Sin[e+fx]2) dx

2p

Program code:

Int[(a_+b_.»sin[e_.+f_.»x_]"2)~p_,x_Symbol] :=

-bxCos [e+f*x] *Sin [e+-F*x] * (a+b*Sin [e+'F*X] "2) A (p—1)/(2*f*p) +

1/ (2xp) *Int [ (a+b*Sin [e+'F*x] "2) A (p-2) *Simp [a* (b+2xaxp) +b* (2xa+b) * (2xp-1) *Sin [e+f*x] "Z,x] ,X] /3
FreeQ[{a,b,e,f},x] & NeQ[a+b,0] && GtQ[p,1]

2. j(a+bsin[e+fx]2)pdx whena+b#0 A p<©

1:J~ ! dx
a+bSin[e+-Fx]2

Derivation: Integration by substitution

Basis: Sin[z]2 - —tanlzl®

1+Tan[z]?

Basis:F[Sin[e+fx]2} = %Subst{%ﬁi, X, Tan[e + fXx] | OxTan[e + f X]

Rule: If p € Z, then

11



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

1 1
j dx — —Subst[J-
a+bSin[e+1:x]2 f

Program code:

Int[1/(a_+b_.xsin[e_.+f_.xx_]~2),x_Symbol] :=
With[{ff=FreeFactors|[Tan[e+f+x],x]},
ff/fxSubst[Int[1/(a+ (a+b) »FF 24x"2),x],x,Tan[e+f+x]| /FF]] /;
FreeQ[{a,b,e,f},x]

1
Z.J dx
\/a+bsin[e+1=x]2

1
1:J dx when a >0
\a+bsin[es+Fx]?

Rule: If a > 0, then

a+ (a+b) x?

! dx, X, Tan[e+fx]]

EllipticF [e +f x, —E]

J = dx —
\/a+bSin[e+-Fx]2 Va £ a

Program code:

Int[1/Sqrt[a_+b_.+sin[e_.+f_.xx_]*2],x_Symbol] :=
1/(sart[a]+f) xE1lipticF [e+f+x,-b/a] /;
FreeQ[{a,b,e,f},x] && GtQ[a,0]

1
Z:J dx when a3 0
\/a+bSin[e+1‘=x]2

Derivation: Piecewise constant extraction

12



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

1+ bSin[e+fx]?
. a
Basis: Oy ==

\/a+bSin[e+fx]2

Rule: If a # 0, then

' bSin[e+fx]2

1
‘J“\/a+bsin[e+fx]2 \/a+b51n[e+fx] J\/ 51n[e+fx]

dx

Program code:

Int[1/Sqrt[a_+b_.+sin[e_.+f_.xx_]*2],x_Symbol] :=
sqrt[1+bsSin[e+fxx]~2/a] /sqrt[a+bsSin[e+fsx]"2] xInt[1/Sqrt[1+ (b+Sin[e+f+x]~2)/a],x] /;
FreeQ[{a,b,e,f},x] & Not[GtQ[a,0]]

3: J.(a+bsin[e+fx]2)pd1x whena+b#0 A p<-1

Rule:lf a+b +#0 A p < -1,then
J-(a+bsin[e+fx]2)pdlx—>

bCos[e+fx]Sin[e+fx] (a+bsin[e+fx]?)"?
) 2af (p+1) (a+b)

+

1
2a(p+1) (a+b)

j(a+bsin[e+fX]z)p+1 (2a(p+1) +b (2p+3) -2b (p+2) sin[e+ fx]?) dx

Program code:

Int[(a_+b_.»sin[e_.+f_.%x_]"2)~p_,x_Symbol] :=

-bxCos [e+f*x] *Sin [e+-F*x] * (a+b*Sin [e+f*x] "2) n (p+1)/(2*a*f* (p+1) * (a+b) ) +

1/ (2xax (p+1) * (a+b) ) *Int [ (a+b*Sin [e+-F*x] "2) A (p+1) *Simp [Z*a* (p+1) +b* (2xp+3) -2xb* (p+2) *Sin [e+'F*X] "2,x] ,X] /3
FreeQ[{a,b,e,f},x] & NeQ[a+b,0] 8&& LtQ[p,-1]

13



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

3: J(a+bsin[e+fx]2)pd1x when p ¢ z

Derivation: Piecewise constant extraction and integration by substitution

Cos[e+f x]
Cos[e+f x]

Basis: Oy =0
Basis: Cos[e + f x] F[Sin[e+fx]] = 2 Subst[F[x], X, Sin[e+fx]] OxSin[e + f x]

Rule: If p ¢ Z, then

dx

'\/Cos[e+fx JCos[e+fx] a+b51n[e+fx] )

Cos[e+fx]

J(a+bSin[e+‘Fx]2)pdlx —

\/1 Sln[e+fx]

\/Cos[e+fx

a +bX
— Subst[J dlx, X, Sin[e + -Fx]]
f Cos[e + fx]

Program code:

Int[(a_+b_.»sin[e_.+f_.»x_]"2)"p_.,x_Symbol] :=

With[{ff=FreeFactors[Sin[e+f+x],x]},

ffxSqrt[Cos[e+fxx]~2]/(f+Cos[e+fxx]) xSubst[Int[ (a+bxff 24x*2) "p/Sqrt[1-FF 24x~2],x],x,Sin[e+f+x]/FF]] /;
FreeQ[{a,b,e,f,p},x]| && Not[IntegerQ[p]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

3. j(dsin[e+fx])'" (a+bSin[e+-Fx]2)pdlx
1. |sin[e+fx]" (a+bSin[e+-Fx]2)pdlx when me z

1: [sin[e+fx]|" (a+bsin[e+fx]?)Pdx when "'z;lez

Derivation: Integration by substitution
Basis:Sin[z]2=1-Cos[z]?
Basis: If % e 7,then

m-1

Sin[e+fx]"F[Sin[e + f x]?] ::—%Subst{(l—xz)zF[l—xz}, X, Cos[e+fx]} OxCos [e + f X]

Rule: If % € Z,then

1 m-
Jsin[e+fx]m (a+bsin[e+fx]")?dax — —;Subst[J‘(l—xz)Tl (a+b-bx?*)Pdx, x, Cos[e+fx]]

Program code:

Int[sin[e_.+f_.*x_]"m_.*(a_+b_.+sin[e_.+f_.#x_]~2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Cos[e+f+x],x]},
-ff/fxSubst [Int [ (1-FF 24x"2) " ((m-1) /2) * (a+b-bsFf24x2) *p,x] ,X,Cos [e+Ff+x] /Ff]] /;
FreeQ[{a,b,e,f,p},x]| && IntegerQ[(m-1)/2]

15



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2. |sin[e+fx]" (a+bSin[e+-Fx]2)pdlx when %ez

1: |sin[e+fx]" (a+bSin[e+-Fx]2)pd1x when 2 ez A pez

Derivation: Integration by substitution

Basis: Sin[z]2 -- —tanlzl®

1+Tan[z]?

Basis: If 7 eZ,thenSin[e+fx]mF[Sin[e+fx]2] = 1Subst{m X, Tan[e+fx]} OxTan[e + f x]

<1+X2>m/2+1 J
Rule: If % €Z N p € Z,then

m b) x2)P

e an x Tl 6]

Program code:

Int[sin[e_.+f_.*x_]"m_x(a_+b_.*sin[e_.+f_.xx_]"2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},
£ (m+1)/'F*Subst [Int [x"m* (a+ (a+b) *'F'F"2*X"2) "p/(1+ff"2*x"2) A(m/2+p+1) ,X] »X,Tan [e+f*x]/'F'F] ] /8
FreeQ[{a,b,e,f},x] & IntegerQ[m/2] && IntegerQ[p]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: [sin[e+fx]" (a+bSin[e+fx]2)pdlx when fez ApPeEZ

Derivation: Piecewise constant extraction and integration by substitution

Cos[e+f x]?
Cos[e+f x]

Basis: Oy =0
Basis: Cos[e + f x] F[Sin[e+fx]] = 2 Subst[F[x], X, Sin[e+fx]] OxSin[e + f x]
Rule:If 3 ez A p¢z,then

Jsm[eﬂcx]m(a+b51n[e+fx]2)Pd1x - \cos[e+ Fx]? (Tcos[e+Fx] sin[e+ #x]" (a+bsinfe+x]*)"

COs[e+fx] \/1—Sin[e+1’x]2

C fx]? m b x2)°
B ~ os[e+ x] Subst[Jx (a+bx?)

f Cos[e + fx]

dx, X, Sin[e+-Fx]]

1-x?

Program code:

Int[sin[e_.+f_.*x_]"m_x(a_+b_.*sin[e_.+f_.xx_]"2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},

£~ (m+1) #Sqrt [Cos [e+fxx]~2] /(f+Cos[e+fxx]) xSubst [Int [x" m (a+bsff 24x2) *p/Sqrt[1-FF 24x~2],x],X,Sin[e+f+x] /FF]] /;

FreeQ[{a,b,e,f,p},x]| && IntegerQ[m/2] && Not[IntegerQ[p]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: J(dsin[e+fx])'" (a+bsin[e+fx]2)pd1x when m ¢ z

Derivation: Piecewise constant extraction and integration by substitution

dSin[e+fx])m™?

(sinfe+fx]?) =

Basis: 9y -

Basis:Sin[e + fx] F[Sin[e+fx]?| = - 2 Subst |F[1-x?|, x, Cos[e+fx]| oxCos[e+fx]
Rule: If m ¢ Z, then

J(dsin[e+fx])m (a+bsinfe+fx]*)Pax — dJSin[e+fx] (dsin[e+fx])"* (a+bsin[e+fx]*)Pax

— d (dSin[e+-Fx])mi'1 Jsin[e+fx] (Sin[e+fx]2)$ (a+bSin[e+-Fx]2)pdlx
(Sin[e+1‘=x]2)T

dZIntPart[g]ﬂ (d Sin [e . fx])ZFracPart[g] o
— - Subst[J(l—xz)T(a+b—bx2)'°d1x, X, Cos[e+fx]]

£ (sin[e+ £x]?) 7]

Program code:

Int[(d_.»sin[e_.+f_.%x_])"m_x(a_+b_.xsin[e_.+f_.»x_]"2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Cos[e+f+x],x]},
-ffxd" (2xIntPart[ (m-1) /2] +1) » (d«Sin[e+fxx] )~ (2xFracPart[ (m-1)/2]) /(f (Sin[e+fxx]~2)~FracPart[(m-1)/2])=
Subst [Int[ (1-Ff 2xx"2)~ ((m-1) /2) * (a+b-b#FF 24x"2) ~p,x] ,X,Cos [e+fxx] /Ff]] /;
FreeQ[{a,b,d,e,f,m,p},x] & Not[IntegerQ[m]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

4. j(dCos[e+fx])'" (a+bSin[e+-Fx]2)pdlx
1. |Cos[e+fx]" (a+bSin[e+-Fx]2)pdlx whenme z

1: |Cos[e+fx]" (a+bsin[e+fx]*)?dx when “ ez

Derivation: Integration by substitution

Basis: If % € 7, then

Cos[e+fx]"F[Sin[e+fx]] = %Subst“l—xz)

m-1
2

FIx], X, Sin[e+fx]} OxSin[e + f Xx]

Rule: If % € 7, then

~J‘Cos[e+-Fx]'" (a+bSin[e+fx]2)pdlx — %SubstU‘(l—xz)g (a+bx2)pdlx, X, Sin[e+-Fx]]

Program code:

Int[cos[e_.+f_.*x_]~m_.*(a_+b_.«sin[e_.+f_.+x_]~2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+fxx],x]},
ff/fxSubst [Int [ (1-FF2xx"2) " ((m-1) /2) » (a+bxFF 24x"2) ~p,X],X,Sin[e+Ff+x] /Ff]] /;
FreeQ[{a,b,e,f,p},x] && IntegerQ[(m-1)/2]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2. |Cos[e+fx]" (a+bSin[e+-Fx]2)"dlx Whenfez

1: |Cos[e+fx]" (a+bsin[e+fx]2)"d1x when 2 ez A pez

Derivation: Integration by substitution
Basis: Cos[z]? ==
Basis: Sin[z]? == _Tan[z]2

1+Tan[z]?

XZ

Basis: If ™ € z,then Cos [e + f x]"F[Sin[e + f x]?| = %Subst{

Rule:If 7 € Z A p € Z,then

1
J‘Cos[e+1:x]"1 (a+bSin[e+fx]2)pd1x — —Subst[J(
f (1 + XZ) m/2+p+1

Program code:
Int[cos[e_.+f_.*x_]"m_x(a_+b_.*sin[e_.+f_.xx_]"2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},

ff/FxSubst[Int[ (a+ (a+b) »FF 24x"2) Ap/ (1+FFA2xx"2) A (m/2+p+1) ,X],X,Tan [e+f+x]| /FF]] /;
FreeQ[{a,b,e,f},x] & IntegerQ[m/2] && IntegerQ[p]

2: JCos[e+fx]"' (a+bSin[e+fx]2)pd]x when fez ApezZ

Derivation: Piecewise constant extraction and integration by substitution

. -1
Basis: 9, —Coslexfx]T__ g

m-1

(Cosfe+fx]2) 2

2

<1+X2> m/2+1

a+ (a+b)x?)?

y X, Tan[e+fx]} OxTan[e + f x]

dx, X, Tan[e+fx]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

Basis: If ™ ¢ 7. then Cos[e+fx]M™? _ Cos[e+f x]2
2 ’ (Cos[eﬂcx]2>% Cos[e+f x]
Basis: Cos [e + f x] F[Sin[e+fx]] = £ Subst[F[x], x, Sin[e+fx]] O,Sin[e +fx]

Rule: If% €Z N p¢Z,then

JCos[e+fx]m (a+bSin[e+-Fx]2)pdlx — |Cos[e+fX] Cos[e+-Fx]""1 (a+bSin[e+fx]2)pd1x

Cos[e+fx]|"* ) pyrt _ .
Cos[e+fx] (1—51n[e+fx] ) 2 (a+b51n[e+fx] ) dx

(Cos[e + fx]z) T

\/Cos[e+-Fx]2

——— < Subst 1-x2)7 (a+bx?)Pdx, x, Sinfe + fx
= rcsferrn () X T (@) an x sinfe s x]]

Program code:

Int[cos[e_.+f_.*x_]"m_x(a_+b_.+sin[e_.+f_.xx_]"2)"p_.,x_Symbol] :=

With[{ff=FreeFactors[Sin[e+fxx],x]},

ffxSqrt[Cos [e+fxx]~2]/(fxCos[e+Ffxx]) xSubst[Int [ (1-FF 24x"2) A ((m-1) /2) » (a+b#FFA24x"2) *p,x],x,Sin[e+f+x]/FF]] /;
FreeQ[{a,b,e,f,p},x]| && IntegerQ[m/2] && Not[IntegerQ[p]]

2: j(dCos[e+fx])m (a+bsin[e+fx]2)pd1x when m ¢ Z

Derivation: Piecewise constant extraction and integration by substitution

. -1
Basis: Oy (d Cos [e+f x] ):171 -9
(Cosfe+fx]?) 2

Basis: Cos[e + fx] F[Sin[e + fXx]] = %Subst[F[x], X, Sin[e +fx]] OxSin[e + f x]

Rule:
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

J(dCos[e+fX])m (a+bSin[e+fx]2)Pdlx — deos[e+fx] (dCos[e+-Fx])""1 (a+bSin[e+fx]2)pdlx

— d (dCos[e+-Fx])':'1 J-Cos[e+fx] (1—Sin[e+fx]2)¥ (a+bSin[e+-Fx]2)pd1x
(Cos[e+1‘x]2)T

e IntPar‘t[?] 1 (4c £ 2FracPart[E] .
. ( os[e+ x]) — : Subst[J.(l—Xz)Tl (a+bx2)pd]x, X, Sin[e+fx]]
£ (COS[e +fx]2)FracPart[T]

Program code:

Int[(d_.xcos[e_.+f_.xx_])"m_x(a_+b_.xsin[e_.+f_.»x_]"2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},
ffxd” (2xIntPart[ (m-1) /2] +1) » (d«Cos[e+Ffxx] )~ (2xFracPart[ (m-1) /2]) /(fx (Cos[e+Ffxx]|*2) AFracPart[ (m-1) /2])
Subst [Int[ (1-Ff 2xx"2) " ((m-1) /2) % (a+b#Ff 2xx2) *p,x] ,X,Sin [e+f*x]/ff] ] 7;
FreeQ[{a,b,d,e,f,m,p},x] && Not[IntegerQ[m]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

5. dTan[e + fx])" (a+bsSinfe + fx]?)?dx
[(aTanfeex)” ( [e+x]%)
1: Tan[e+-Fx]'"(a+bSin[e+-Fx]2)pd1xwhen"';—lez
Derivation: Integration by substitution

Basis: Tan[z]?2 == %ﬁ%

Basis: If % € 7, then

Tan[e+fx]mF[Sin[e+fx]2} == Zl—fSubst m, X, Sin[e+1‘x]2} OxSin[e + f x]?
(1-x) =

Rule: If % € Z,then

1

m-1
i b x) P
JTan[e+fx]"'(a+bSin[e+-Fx]2)pd1x — %Subst[Judx, X, Sin[e+-Fx]2]
2 nel
(1-x)7

Program code:

Int[tan[e_.+f_.*x_]"m_.*(a_+b_.sin[e_.+f_.+x_]~2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+fxx]~2,x]},
FFA ((m+1) /2) /(2#F) #Subst [Int [x~ ((m-1) /2) » (a+bxFfxx) ~p/ (1-FFxx)~ ((m+1) /2) ,x],X,Sin[e+Fxx] Az/ff] ] 7;
FreeQ[{a,b,e,f,p},x]| && IntegerQ[(m-1)/2]

2: j(dTan[e++‘x])m (a+bSin[e+fx]2)pd1x when pez

Derivation: Integration by substitution

Basis: Sin[z]? == J_ir;r[];[i%
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

Basis: (d Tan[e + fx])"F[Sin[e + f x]?]| = %Subst{ (dxffxi
Rule: If p € Z, then

(dx)" (a+ (a+b) x?)P

(142)P

m . n\p l
3 3
J(dTan[ewa]) (a+bsin[e+fx]")Pdx — 1:Subst[J‘ dx, X Tan[e+fx]]

Program code:
Int[(d_.~tan[e_.+f_.*x_])"m_x(a_+b_.+sin[e_.+f_.xx_]"2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+fxx],x]},

'F‘F/'F*Subst [Int [ (d*ff*x) mx (a+ (a+b) *'F'F"Z*X"Z) "p/(1+'F'F"2*x"2) A (p+1) ,x] yX,Tan [e+f*x]/ff] ] /3
FreeQ[{a,b,d,e,f,m},x] && IntegerQ[p]

3: |Tan[e+fx]" (a+bSin[e+-Fx]2)pd1x when 2 ez A p¢z

Derivation: Piecewise constant extraction and integration by substitution

Basis: If % € Z,then Tan[e+-FX]m - Sin[e+f x]"

(Cos[e+f x]z)m/2

‘. Cos[e+fx]?
Basis: Ox Cos[e+fx]

Basis:Cos[e + fx] F[Sin[e + fX]] == %Subst[F[x], X, Sin[e +fx]] OxSin[e + f Xx]

Rule:If 7 €z A p ¢ z,then

Sin[e+1:x]"1 (a+bSin[e+-Fx]2)p

JTan[erFx]'"(a+bSin[e+fx]2)pdlx—>j dx

(Cos[e+ -Fx]z)'"/2

dx

\/Cos[e+-Fx JCos[e+fx] sin[e+fx]" (a+bSin[e+fx]2)p

Cos[e + f x] (1- Sin[e+-Fx]2)mz;1

el X, Tan[e+1‘x]} OxTan[e + f x]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

C £x]? m b x2)P
. 4/ os[e+ fx] Subst[J\X (a+bx?)

f Cos[e + fx] M z)E dx, x,Sin[e+fx]]
-X 2

Program code:

Int[tan[e_.+f_.*x_]"m_x(a_+b_.*sin[e_.+f_.xx_]"2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},
£~ (m+1) #Sqrt [Cos [e+fxx]~2] /(f+Cos[e+fxx])
Subst [Int[x mx (a+bsff 24x"2) Ap/ (1-FFA2xx72) ~ ((m+1) /2) ,X],X,Sin[e+Ff+x] /FF]] /;
FreeQ[{a,b,e,f,p},x] && IntegerQ[m/2] && Not[IntegerQ[p]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

4: J(dTan[e+fx])'" (a+bsin[e+fx]2)pd1x when m ¢ z

Derivation: Piecewise constant extraction and integration by substitution

Basis: If ™ € Z,thenTan[e + fx]M == —Sinle+fxit
2 (Cosfe+fx]?)"

. (dTan[e+fx])™ (Cos[e+-Fx}2)m/2 B
Basis: Ox Sin[e+f x]™ o

Basis: Cos[e + f x] F[Sin[e+fx]] = 2 Subst[F[x], x, Sin[e+fx]] OxSin[e + f x]

Rule: If m ¢ Z, then

(dTan[e+fx])" (Cos[e+-Fx]2)"'/2 sinfe+ fx]" (a+bSin[e+-Fx]2)'°

J(dTan[e+fx])m(a+bSin[e+fX]2)pd]x - Sinfe+ £x]" (cos[e+£x]*)™

(dTan[e+1’x])'"+1 (Cos[e+fx]2)¥ JCos[e+fX] sin[e+fx]" (a+bSin[e+1:x]2)p
dx

d Sin[e + -Fx]"”l

m+l
2

(1—Sin[e+fx]2)

dTt £x])™* (c £x]%) T " (a+bx?)P
(dTan[e+ fx])™" (Cos[e+fx])™ Subst[ de, X, Sin[e+fx]]
dfsinfe+fx]™ (1-x2) %

Program code:

Int[(d_.~tan[e_.+f_.»x_])"m_x(a_+b_.*sin[e_.+f_.xx_]"2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},
ffx (d*Tan [e+f*x] ) A(m+1) * (Cos [e+f*x] "2) A((m+1) /2) /(d*f*Sin [e+f*x] A (m+1) ) *
Subst [Int[ (Ffxx)"ms (a+bxffr24x22) "p/ (1-FF 24x"2) A ((m+1) /2) ,X] ,X,Sin[e+f+x] /Ff]] /;
FreeQ[{a,b,d,e,f,m,p},x] & Not[IntegerQ[m]]

dx
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

6. j(cCos[e+fx])"' (dsinfe+fx])" (a+bSin[e+-Fx]2)pdlx

1: [Cos[e+fx]" (dsin[e+fx])" (a+bSin[e+-Fx]2)pdlx when"'z;lez

Derivation: Integration by substitution
Basis: If % e 7,then
m-1
Cos[e+fx]"F[Sin[e+fx]] == %Subst“l—xz) > F[x], X, Sin[e +fx] | 6xSinfe + f x]
Rule: If % € Z,then

1
JCos[e+fx]"' (dsin[e+fx])" (a+bsin[e+fx]*)Pax — ;Subst[f(dx)" (1-x*)7 (a+bx*)Pdx, x, Sin[e+fx]]

Program code:

Int[cos[e_.+f_.#x_]"m_.#(d_.«sin[e_.+Ff_.#x_])~n_.»(a_+b_.xsin[e_.+f_.»x_]"2)~p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},
£f/FxSubst [Int [ (dxffxx)Anx (1-FFA2xx"2) A ((m-1) /2)  (a+bxFF 24x72) Ap, x| ,X,Sin [e+Ff+x] /FF]] /;
FreeQ[{a,b,d,e,f,n,p},x] && IntegerQ[(m-1)/2]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: J(cCos[e+fx])'"Sin[e+fx]" (a+bsin[e+fx]*)Pdax when %ez

Derivation: Integration by substitution

Basis:Sin[z]%2=1-Cos[z]?

Basis: If% € Z,then

Sinfe+fx]"F[Sinf[e + fx]2] = —%Subst“l—xz)%F[l—xz}, X, Cos[e+fx]} ¢ Cos[e + f X]
Rule: If ®-% € Z, then

J.(cCos[e+-Fx])"'Sin[e+-Fx]" (a+bSin[e+-Fx]2)pdlx — —%Subst[j(cx)'“ (l-xz); (a+b-bx*)Pdx, x, Cos[e+-Fx]]

Program code:

Int[(c_.xsin[e_.+f_.»x_])"m_ssin[e_.+f_.»x_]"n_.«(a_+b_.»sin[e_.+f_.«x_]~2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Cos[e+fxx],x]},
-ff/fxSubst [Int [ (cxffxx)mx (1-FFA24x"2) A ((n-1) /2) » (a+b-bxFf 24x"2) *p,X] ,X,Cos [e+f+x] /Ff]] /;
FreeQ[{a,b,c,e,f,m,p},x] & IntegerQ[(n-1)/2]

3. j(cCos[ewa])"' (dsin[e+fx])" (a+bSin[e+-Fx]2)pdlx Whenfez

1: [Cos[e+fx]"sin[e+fx]" (a+bSin[e+-Fx]2)pdlx when fez A gez APpEZ
Derivation: Integration by substitution

Basis: Cos[2]2 == —2+1—

Basis: Sin[z]? == _Tan[z]2

1+Tan[z]?

28



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

XZ

Basis: If I e z, then Cos [e + £ x]"F |Sin[e + f x]?] ::%Subst{ By ,x,Tan[e+fx]}@XTan[e+fx]

<1+X2> m/2+1

Rule:if 2 ez A 5 ez A pez,then

5 1 x" (a+ (a+b) x?)°
~J‘Cos[erFx]'"Sin[e+-Fx]" (a+bSin[e+fx] )pdlx — ;Subst[j (

14+ Xz) (men) /2+p+1 dx, x, Tan[e + fx]]

Program code:
Int[cos[e_.+f_.#x_] m_ssin[e_.+f_.xx_]"n_x(a_+b_.*sin[e_.+f_.»x_]"2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},

FFA(n+1) /FxSubst[Int [x"n« (a+ (a+b) «FFA24x 2) Ap/ (1+FFA24x"2) A ((m+n) /2+4p+1) ,X], X, Tan[e+Fxx] /FF]] /;
FreeQ[{a,b,e,f},x] & IntegerQ[m/2] 8&& IntegerQ[n/2] && IntegerQ[p]

2: [Cos[e+fx]" (dsin[e+fx])" (a+bSin[e+-Fx]2)pd1x when fez A - (%ez Apez)

Derivation: Piecewise constant extraction and integration by substitution

. m-1
Basis: 9, —toslerfxlTo g
(Cos[e+fx]?) 2

1

(Cosle+fx]?) 2

Cos[e+fx]m™l Cos[e+fx]?

Y m -
Basis: If 7 € z, then Cos[erfx]

Basis:Cos[e + fx] F[Sin[e + fXx]] == %Subst[F[x], X, Sin[e + fx]] 6xSin[e + f X]

Rule: If% € Z,then

JCos[e+fx]m (dSin[e+-Fx])" (a+bSin[e+-Fx]2)pd1x — |[Cos[e+fx] Cos[e+-Fx]""1 (dSin[e+-Fx])" (a+bSin[e+-Fx]2)pdlx

~ Cos[e+'FX]m_1m_1 JCOS[G"fx] (1—Sin[e+fx]2)$ (dsinfe+fx])" (a+bsin[e+fx]*)Pax
(cos[e+Fx]*) =
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

'\/Cos[e+fx]z
SR Bl ST

Subst| | (dx)" (1-x2 = (a+bx?)Pdx, x, Sin[e + fx
fCos[e+fx] [J ( )7 (a ) T [e ]]

Program code:

Int[cos[e_.+f_.*x_]"m_x(d_.+sin[e_.+f_.»x_])"n_.«(a_+b_.»sin[e_.+Ff_.+x_]~2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+fxx],x]},
ffxSqrt [COS [e+f*x] Az]/(f*Cos [e+'F*x] ) *Subst [Int [ (d*'F‘F*x) nx (1-'F'F"2*x"2) A((m-1)/2) * (a+b*'F'F"2*x"2) "p,x] »X,Sin [e+'F*x]/‘F'F] ] Ve
FreeQ[{a,b,d,e,f,n,p},x] & IntegerQ[m/2]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

4: J(cCos[e+fx])'" (dSin[e+fx])" (a+bSin[e+fx]2)pdlx when m¢ z

Derivation: Piecewise constant extraction and integration by substitution

cCos[e+fx])m?

1

(Cosf[e+fx]?) =

Basis: 9y -

Basis: Cos[e + f x] F[Sin[e+fx]] = 2 Subst[F[x], X, Sin[e+fx]] OxSin[e + f x]

Rule:

J(cCos[e+fx])'" (dsinfe+fx])" (a+bsin[e+fx]?)Pdx — cJCos[e+fx] (ccos[e+fx])"" (dsin[e+fx])" (a+bsin[e+fx]?)"dx

— < (cCos[e+-Fx])m"'i'1 JCos[e+fx] (1—Sin[e+-Fx]2)m27_1 (dsinf[e+fx])" (a+bSin[e+fx]2)pdlx
(cos[e+Fx]*) =

CZ IntPart["'Zi]d (C Cos [e + _FX])ZFracPar‘t[%] o
— Subst[J(d x)" (1-x*)7 (a+bx*)Pdx, x, Sin[e+-Fx]]

f (COS [e + f X] 2) FracPart[g]

Program code:

Int[(c_.xcos[e_.+f_.xx_])"m_x(d_.+sin[e_.+f_.xx_])"n_.«(a_+b_.xsin[e_.+Ff_.+x_]~2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},
ffxch (2+IntPart[ (m-1) /2] +1) » (cxCos [e+fxx] )~ (2+FracPart[ (m-1) /2] )/(-F* (Cos[e+fxx]~2)~FracPart[ (m-1) /2] )«
Subst [Int[ (dxffxx)Ans (1-FFA24x72) A ((M-1) /2) » (a+bxFF 24x"2) 2p,X] ,X,Sin[e+f+x] /Ff]] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && Not[IntegerQ[m]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

Rules for integrands of the form (d Trig[e + fx])" (a+b (cSin[e + fx])")P

1. j(dTr‘ig[ewa])"' (b (csin[e+£x])")"dx when p ¢z
1. J(bsin[e+fx]2)pd1x when p ¢ z

1: J(bsin[e+fx]2)pdx whenpe¢z A p>1

Rule:lf p¢Z A p > 1,then

Cot[e + fx] (bSin[e+-Fx]2)ID b(2p-1)
- +

J(bsin[e+fx]2)pdlx — J(bsin[e+fx]2)p'1dx

2fp 2p

Program code:

Int[(b_.»sin[e_.+f_.»x_]"2)~p_,x_Symbol] :=
—Cot[e+f*x]*(b*Sin[e+f*x]A2)“p/(2*f*p) +
bx (2xp-1) / (2#p) *Int [ (b+Sin[e+fxx]"2)~ (p-1),x] /;
FreeQ[{b,e,f},x] & Not[IntegerQ[p]] && GtQ[p,1]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: J(bsin[e+fx]2)pdx whenp¢z A p<-1

Rule:lf p¢Z A p < -1,then

J(bsin[e+fx]2)pdlx —

Program code:

Int[(b_.#sin[e_.+f_.xx_]*2)"p_,x_Symbol] :=

Cot[e+ fx] (bs:'Ln[e+-Fx]2)p+:l

2(p+1)
+

bf (2p+1)

Cot [e+f*x] * (b*Sin [e+'F*x] "2) A (p+1)/(b*f* (2xp+1) ) +
24 (p+1) / (bx (2xp+1) ) »Int[ (bxSin[e+fxx]~2)~ (p+1),x] /;
FreeQ[{b,e,f},x] & Not[IntegerQ[p]] && LtQ[p,-1]

b (2p+1)

J(b Ssinfe+ -Fx]z)'[”'1 dx
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2. JTan[e+fX]m (b (csin[e+x])")"dax when “* ez

1: |Tan[e+fx]" (bSin[e+fx]")pd1x when "l ez A ez
2 2

Derivation: Integration by substitution

Basis: Tan[z]?2 == %ﬁ%

Basis: If % € 7, then

m-1

Tan[e+fx]mF[Sin[e+fx]2} == ;—fSubst{&%}, X, Sin[e+fx]2} OxSin[e + f x]?

(1-x) 2
Rule: If% €eZ A % ez,then

m+l

(1—x)%

1 e (b x/2)P ,
Tan[e+ fx]" (bSin[e+ fx]")Pdx — ;Subst[ —————dx, X, Sin[e + x| ]

Program code:

Int[tan[e_.+f_.#x_] m_.#(b_.*sin[e_.+f_.xx_]"n_)"p_.,x_Symbol] :=

With[{ff=FreeFactors[Sin[e+fxx]"2,x]},

FFA ((m+1) /2) /(2+F) #Subst [Int [x~ ((m-1) /2) » (bxFFA (n/2) xx~ (n/2) ) p/ (1-FFxx)~ ((m+1) /2) ,X],x,Sin[e+fxx]|*2/Ff]] /;
FreeQ[{b,e,f,p},x] & IntegerQ[(m-1)/2] && IntegerQ[n/2]

2: |Tan[e+fx]|" (b (cSin[e+fx])")"dx when = ez"

Derivation: Integration by substitution

Basis: Tan[z]?2 == ;—;:ﬁ%
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

Basis: If ™1 ¢ z,thenTan[e + fx]"F[Sin[e+ fx]] = %Subst{(xﬁ%}?, X, Sin[e+fx]} ¢ Sin[e + f x]
1-x2) >

Rule: If % € Z~,then

(b (cx)")?

JTan[erFx]'" (b (c Sin[e+fx])")pd1x N %Subst[J\xm(

—— dx, X, Sin[e+ fx]]
=

1—x2)

Program code:

Int[tan[e_.+f_.*x_]~m_.#(b_.x(c_.xsin[e_.+f_.«x_])~n_)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},
FFA (m+1) /FxSubst[Int [x mx (b (cxFfxx)~n)Ap/ (1-FFA24x72) A ((m+1) /2) ,X],X,Sin[e+fxx] /FF]] /;
FreeQ[{b,c,e,f,n,p},x] && ILtQ[(m-1)/2,0]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

3: Ju (bsin[e+fx]")Pdx whenp¢z A nez

Derivation: Piecewise constant extraction

fee (bSin[e+fx1™MP
Basis: Oy Sinlesfx|"P 0

Rule:If p¢ Z A n e Z,then

bI"tPartiel (b sin[e + £ x]") FrocPartiPl

Ju (bsin[e+fx]")Pdx —

Sin [e + f X] n FracPart[p]

Program code:

Int[u_.x(b_.#sin[e_.+f_.xx_]"n_)"p_,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},
(bxff~n) ~IntPart [p] « (b+Sin[e+fxx]~n)~FracPart[p]/(Sin[e+f+x]/ff)~ (nxFracPart[p])«
Int[ActivateTrig[u] (Sin[e+fxx]/Ff) " (n+p),x]] /;
FreeQ[{b,e,f,n,p},x]| & Not[IntegerQ[p]] & IntegerQ[n] &&

(EaQ[u,1] || MatchQ[u, (d_.xtrig_[e+fxx])~m_. /; FreeQ[{d,m},x] && MemberQ[{sin,cos,tan,cot,sec,csc},trig]])

uSin[e+fx]""dlx
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

4: Ju (b (csin[e+fx])")Pdx whenp¢z A n¢z

Derivation: Piecewise constant extraction

. (b (cSin[e+fx])MP __
Basis: Ox (cSin[e+fx])"P 0

Rule:lf p¢Z A n ¢ Z,then

bI"tPartiel (b (c sinfe + £x])")FracPartie!

Ju (b (csin[e+fx])")Pdax —

u (csinfe+fx])"Pdx
(C Sin [e +f X] )NFr‘aCPar‘t[p]

Program code:

Intu_.(b_.*(c_.*sin[e_.+f_.»x_])~n_)~p_,x_Symbol] :=
brIntPart[p] (b (cxSin[e+fxx])~n) FracPart[p]/(c+Sin[e+fxx])* (nxFracPart[p])«
Int[ActivateTrig[u]« (cxSin[e+fxx])~(nxp),x] /;
FreeQ[{b,c,e,f,n,p},x] && Not[IntegerQ[p]] & Not[IntegerQ[n]] &&
(EaQ[u,1] || MatchQ[u, (d_.xtrig_[e+fsx])*m_. /; FreeQ[{d,m},x] & MemberQ[{sin,cos,tan,cot,sec,csc},trig]])

37



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2. J(a+b (csin[e+fx])")Pax
1. J(a+bsin[e+fx]4)pdx

x: J(a+bsin[e+fx]4)pdx when pez

Derivation: Integration by substitution

1

Basis: Sin[z]? = 1+Cot[z]?

Basis: F [Sin[e + f x] 2] = - 1 Subst in, X, Cot[e+fx]} Oy Cot [e + f X]

2
1+x2

Rule: If p € Z, then

a+b+2ax2+ax“)p

(14x2)2P7

[loevsialeragan — s ]

dx, x, Cot[e + -Fx]]

Program code:

(» Int[(a_+b_.«sin[e_.+f_.#x_]~4)"p_.,x_Symbol] :=

With[{ff=FreeFactors[Tan[e+f+x],x]},

-ff/f+Subst[Int[ (a+b+2xasff 24x"2+axffraxx 4) "p/ (1+FF 2xx2) A (24p+1) ,X] ,X,Cot [e+fxx] /FF]] /;
FreeQ[{a,b,e,f},x]| && IntegerQ[p] =)

1: I(a+bsin[e+fx]4)pdx when p ez

Derivation: Integration by substitution

Basis: Sin[z]2 - —tanlzl®

1+Tan[z]?
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

Basis: F [Sin[e + f x]?| = %Subst[ﬂfji, X, Tan[e+fx]} Oy Tan[e + f X]

2

Rule: If p € 7, then

a+2ax’+ (a+b)x*)P

(1+52)2P%

J(a+bsin[e+fx]4)pdx - %Subst[j(

dx, X, Tan[e+fx]]

Program code:

Int[(a_+b_.xsin[e_.+f_.%x_]"4)"p_.,x_Symbol] :=

With[{ff=FreeFactors[Tan[e+fxx],x]},

'F'F/'F*Subst [Int [ (a+2*a*-F-F"2*x"2+ (a+b) *'F‘F"4*x"4) "p/(1+'F'F"2*x"2) A (2xp+1) ,x] »X,Tan [e+f*x]/'F'F] ] 78
FreeQ[{a,b,e,f},x]| && IntegerqQ[p]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: J-(a+bsin[e+fx]4)pd1x whenp—%ez

Derivation: Piecewise constant extraction and integration by substitution

a+2a Tan[z]%+(a+b) Tan[z]*
Sec[z]?

Basis:a + bSin[z]% ==
(a+bsSin[e+f x]*)° (Sec[eﬂcx}z)zp
(a+2a Tan[e+f x]2+ (a+b) Tan[e+f x]*)°

Basis: Oy == 0

Basis:F[Tan[e + fx]] = %Subst[%%, X, Tan[e+1cx]] OxTan[e + f x]
" Rule: If p- 5 €Z,then

J‘(a+bsin[e+fx]4)pdlx—> (a+bSin[e+1:x]4)p(Sec[e+1:x]2)2p J«(a+2a Tan[e+fx]2+(a+b) Tan[e+-Fx]4)p

(a+2a Tan[e+-Fx]2+ (a+b) Tan[e+1=x]4)p (1+Tan[e+1:x]2)ZID

(a+bSin[e+-Fx]4)p (Sec[e+-Fx]2)Zp (a+2ax?+ (a+b) x*)P

- Subst[j
f(a+2a Tan[e+-Fx]2+ (a+b) Tan[e+1:x]“)p (1+X2)2p+1

dx, X, Tan[e+fx]]

Program code:

Int[(a_+b_.xsin[e_.+f_.»x_]"4)~p_,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},
ffx (a+bxSin[e+fxx]"4) "px (Sec[e+Ffxx]"2) A (24p) /(f+ (a+2+axTan[e+fxx] 2+ (a+b) xTan[e+Ffxx]"4) ~p) *
Subst [Int[ (a+2xaxff 2xx 2+ (a+b) »FF 4xx"4) Ap/ (1+FF 24x"2) ~ (2xp+1) ,X], X, Tan[e+Ffxx]| /FF]] /;
FreeQ[{a,b,e,f,p},x] & IntegerQ[p-1/2]

1
Z:J dlxwhengez
a+bSin[e+-Fx]n

Derivation: Algebraic expansion

dx
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

Basis: If % € 7", then —1— = 2 yn/2 1

a+b z" an £k=1 1-(-1) 4k/n <_

) -2/n 22

a
b

Rule: If% e Z,then

! dx — iﬁ ! dx
a+bsin[e+fx]" an iz ) 1. (-1)-4%n (_E)'z/"sin[erFx]2

Program code:

Int[1/(a_+b_.*sin[e_.+f_.*x_]~n_),x_Symbol] :=

Module[ {k},

Dist[2/ (axn),Sum[Int[1/(1-Sin[e+f*x]"2/((-1)~(4xk/n)*Rt[-a/b,n/2])),x],{k,1,n/2}],x]] /;
FreeQ[{a,b,e,f},x]| && IntegerQ[n/2]

x: j(a+bsin[e+fx]")pdx when 2 ez A pez*
Derivation: Integration by substitution
1+x2

Basis: F [Sin[e + f x]?] = - 1 Subst m, X, Cot[e+fx]} Oy Cot [e + f X]

Rule:If > €z A p ez’ then

b+a (1+x2)"/2)p

(1 + Xz)np/2+1

J(aJ'bSi“[e*fX]”)pdlx — —%Subst[J.(

Program code:

(» Int[(a_+b_.#sin[e_.+f_.*x_]~n_)"p_,x_Symbol] :=

With[{ff=FreeFactors[Tan[e+f+x],x]},

-ff/f+Subst[Int[ (b+ax (1+FF 24x"2) " (n/2) ) p/ (1+FF 24x"2) A (nxp/2+1) ,X],X,Cot [e+fsx] /FF]] /;
FreeQ[{a,b,e,f},x] & IntegerQ[n/2] 8&& IGtQ[p,0] =)

dx, X, Cot[e+-Fx]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

3: J(a+bsin[e+fx]")pd1x when gez Apez*

Derivation: Integration by substitution

J—J—Xzi, X, Tan[e+fx]} OxTan[e + f x]

. . F
Basis: F [Sin[e + fx]?] == 1 Subst { e
 Rule:If > €Z N pez',then
x" + +x2)"2)p
j(a+b$in[e+fx]")pdx — %Subst[j(b (1jx(21)"p’2'1 ) dx, x, Tan[e+-Fx]]

Program code:

Int[(a_+b_.xsin[e_.+f_.*x_]"n_)~p_,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},
ff/fxSubst [Int [ (bxffrnsx n+ax (1+FF124x72) 7 (n/2) ) ~p/ (1+FFA2xx72) A (nxp/2+1) ,X] ,x,Tan[e+f+x] /Ff]] /;

FreeQ[{a,b,e,f},x] & IntegerQ[n/2] && IGtQ[p,O]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p 43

4: J(a+b (csin[e+fx])")Pdx whenpez*V (p=-1 A nez)

Derivation: Algebraic expansion
Rule:lf pez*Vv (p=-1 A nez),then

J(a+b (csin[e+fx])")Pax — JExpandTrig[(a+b (csin[e+£x])")?, x] ax

Program code:
Int[(a_+b_.»(c_.#sin[e_.+f_.*x_])"n_)~p_,x_Symbol] :=

Int[ExpandTrig[ (a+bx (cxsin[e+fxx])~n)~p,x],x] /;
FreeQ[{a,b,c,e,f,n},x] && (IGtQ[p,8] || EqQ[p,-1] && IntegerQ[n])

u: j(a+b (csin[e+fx])")Pax

Rule:

j(a+b (csinfe+fx])")Pdx — j(a+b (csinfe+fx])")"ax

Program code:

Int[(a_+b_.»(c_.#sin[e_.+f_.»x_])"n_)~p_,x_Symbol] :=
Unintegrable[ (a+bx (cxSin[e+fxx])~n)~p,x] /;
FreeQ[{a,b,c,e,f,n,p},x]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p 44

3. J(dsin[e+fx])m(a+b(cSin[e+fx])")pdlx

1: [sin[e+fx]" (a+bSin[e+-Fx]")pdlx when "l ez A ez
2 2

Derivation: Integration by substitution
Basis: Sin[z]%2 =1-Cos[z]?
Basis: If % € Z,then

Sin[e+fx]"F[Sin[e + fx]?] ::—%Subst{(l—xz)mzlF[l—xz}, X, Cos[e+fx]} Ay Cos[e + f X]

Rule: If% €eZ N % €z,then

JSin[e+-Fx]"' (a+bsin[e+fx]")Pdax — —%Subst[‘[(l-xz)g (a+b (1—x2)"/2)ple, X, Cos[e+-Fx]]

Program code:

Int[sin[e_.+f_.#x_]"m_.x(a_+b_.xsin[e_.+f_.»x_]~4)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Cos[e+f+x],x]},
-ff/fxSubst[Int[ (1-FF 24x"2) A ((M-1) /2) # (a+b-2xbxFF 24x"2+bxFF 4xx"4) ~p,X],x,Cos [e+Ff+x] /Ff]] /;
FreeQ[{a,b,e,f,p},x] && IntegerQ[(m-1)/2]

Int[sin[e_.+f_.*x_]~m_.«(a_+b_.xsin[e_.+f_.+x_]~n_)~p_.,x_Symbol] :=
With[{ff=FreeFactors[Cos[e+f+x],x]},
-ff/fxSubst[Int[ (1-FF 24x"2) " ((m-1) /2) * (a+bx (1-FF 24x"2) ~ (n/2) ) *p,X] ,X,Cos [e+fxx] /Ff]] /;
FreeQ[{a,b,e,f,p},x] && IntegerQ[(m-1)/2] & IntegerQ[n/2]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p 45

2: Jsin[e+fx]m (a+bsin[e+fx]")?dx when fez A %ez ApEZ

Derivation: Integration by substitution
_Tan[z]®

e 2
Basis: Sin[z]~ == 1+Tan[z]2

Basis: If% eZ,thenSin[e+fx]mF[Sin[e+1cx]2} = %Subst{ i 2>mfu, X, Tan[e+fx]} OxTan[e + f Xx]
+X
) Rule:if 2 ez A D eZ A pezthen

1 x™ (a (1+x2)"/2+bx")p
Jsin[e+fx]m (a+bSin[e+fx]")pdlx — —Subst[J
f (1+X2)m/2+np/2+1

dx, X, Tan[e+-Fx]]

Program code:

Int[sin[e_.+f_.#x_]"m_x(a_+b_.xsin[e_.+f_.#x_]"4) p_.,x_Symbol] :=

With[{ff=FreeFactors[Tan[e+f+x],x]},
FFA (m+1) /FxSubst[Int [x mx (a+2xaxFFA2xx 2+ (a+b) xFF 4xx 4) Ap/ (1+FF 24x"2) A (m/2+24p+1) ,X] , X, Tan [e+fsx] /FF]] /;

FreeQ[{a,b,e,f},x] & IntegerQ[m/2] && IntegerQ[p]

Int[sin[e_.+f_.%x_]~m_x(a_+b_.+sin[e_.+f_.xx_]"n_)~p_.,x_Symbol] :=

With[{ff=FreeFactors[Tan[e+f+x],x]},
FFA (m+1) /FxSubst[Int [x mx (ax (1+FF 24x"2) "~ (n/2) +bxfFAnxxn) Ap/ (1+FF 24x"2) ~ (m/2+4n%p/2+1) ,X], X, Tan[e+Ff+x]| /FF]] /;

FreeQ[{a,b,e,f},x] & IntegerQ[m/2] && IntegerQ[n/2] && IntegerQ[p]

3: jsin[e+fx]m (a+bSin[e+fx]4)pdlx when fez A p—%ez

Derivation: Piecewise constant extraction and integration by substitution

Basis: If ™ € Z,thenSin[z]™ == —Ttanlz]® _
2 ’ [2] (1+Tan[z]2)m/2




Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

Basis: If * € 7,thena + bSin[z]" - aSec[z]"+bTan[z]" __ 23 (1+Tan[2])?)"?+b Tan [2]"
2 ’ Sec[z]" (1+Tan[z]2)"’/2
N (a+b Sinf[e+fx]™)P (Sec[e+fx]2)np’/2 B
Basis: If 2 € Z, then Ox (aSec[e+fx]"+bTan[e+f x]")P o
Basis: F[Tan[e + £ x]] = = Subst { 2 X, Tan[e + f X] ] OxTan[e + f Xx]

Rule:If 3 ez A p- —eZthen

(a+bSin[e+1‘:x]4)p (Sec[e+1‘:x]2)2p Tan[e+fx]" (a (1+Tan[e+-Fx]2)2+bTan[e+-Fx]4)p

J-Sin[e+fx]'" (a+bsin[e+fx]*)Pax —
(asec[e+fx]*+bTan[e+fx]*)P (1+Tan[e+fx]2)m/2+2p

(a+bSin[e+-Fx] )P (Sec[e+-Fx] (1+x%) +bx“)p
— Subst[J dx, x, Tan[e+fx]]
f (a Sec[e+fx] +bTan[e+fx] m/2+2p+1

Program code:

Int[sin[e_.+f_.*x_]"m_x(a_+b_.xsin[e_.+f_.»x_]"4)~p_,x_Symbol] :=
With[{ff=FreeFactors|[Tan[e+f+x],x]},
FFA (M+1) » (a+bxSin [e+fxx]~4) “px (Sec [e+Ffxx]~2) " (2+p) / (f+Apart [ax (1+Tan[e+fxx]~2) ~2+bxTan [e+Ffxx] 4] p)
Subst [Int[x*mxExpandToSum|ax (1+ff 24x"2) "2+bsff 4xx"4,x]|p/ (1+FF 2xx2) A (m/2+24p+1) ,X] ,X, Tan [e+fxx] /FF]] /;
FreeQ[{a,b,e,f,p},x] && IntegerQ[m/2] && IntegerQ[p-1/2]

dx
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

4: Jsin[e+fx]m (a+bsin[e+fx]")Pdx when (m|p)€Z A (n=4V p>8V p=-1Anez)

Derivation: Algebraic expansion
Rule:If (m | p) €eZ A (n==4Vvp>0Vp=-1Anez),then

Jsin[e+fx]m (a+bsin[e+fx]")?dax — J\ExpandTr‘ig[Sin[e+1‘:x]m (a+bsin[e+fx]")?, x] dx

Program code:
Int[sin[e_.+f_.*x_]"m_.«(a_+b_.xsin[e_.+f_.#x_]*n_)"p_.,x_Symbol] :=

Int[ExpandTrig[sin[e+fxx] mx (a+bxsin[e+fxx]~n)~p,x],x] /;
FreeQ[{a,b,e,f},x] && IntegersQ[m,p] & (EqQ[n,4] || GtQ[p,@] || EqQ[p,-1] && IntegerQ[n])

5: j(dsin[e+fx])m (a+b (csin[e+fx])")?dx when pez*

Derivation: Algebraic expansion

Rule: If p € z*, then

j(dsin[e+fx])'“ (a+b (csin[e+fx])")Pdx — JExpandTrig[(dSin[e+fx])"' (a+b (csin[e+£x])")", x] ax

Program code:

Int[(d_.»sin[e_.+f_.*x_])"m_.*(a_+b_.*(c_.xsin[e_.+F_.«x_])~n_)"p_.,x_Symbol] :=
Int[ExpandTrig[ (d«sin[e+fxx])~m« (a+bx (cxsin[e+fxx])~n) p,x],x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & IGtQ[p,0]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p 48

u: J(dsin[e+fx])'"(a+b(csin[e+fx])")"dlx

Rule:

j(dsin[e+fx])m (a+b (csin[e+fx])")Pax — j(dsin[e+fx])m (a+b (csin[e+fx])")?ax

Program code:

Int[(d_.xsin[e_.+f_.*x_])"m_.#(a_+b_.x(c_.»sin[e_.+F_.«x_])~n_)"p_.,x_Symbol] :=
Unintegrable[ (d+Sin[e+fxx])~m« (a+bx (cxSin[e+fxx])~n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]
4. J(dCos[e+fx])"‘ (a+b (csin[e+fx])")"ax

1 JCos[e+fx]m (a+b (csin[e+Fx])")Pax when =t ez

Derivation: Integration by substitution

Basis: If % e Z,then

Cos[e+Ffx]"F[Sin[e+fx]] == %Subst“l—xz)

m-1
2

FIx], X, Sin[e+1cx]} OxSin[e + f Xx]

Rule: If % e 7, then

fCos[e+fx]m (a+b (cSin[e+-Fx])")pdlx — %Subst[f(l—xz)g (a+b (cx)")Pdx, x, Sin[e+fx]]

Program code:

Int[cos[e_.+f_.*x_]"m_.*(a_+b_.x(c_.xsin[e_.+f_.«x_])~n_)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},
ff/FxSubst [Int [ (1-FF2xx"2)~ ((m-1) /2) » (a+bx (cxFfxx)~n)~p,x],x,Sin[e+fx]/Ff]] /;
FreeQ[{a,b,c,e,f,n,p},x] & IntegerQ[(m-1)/2] & (EqQ[n,4] || GtQ[m,@] || IGtQ[p,@] || IntegersQ[m,p])



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: JCos[e+fX]m (a+bsin[e+fx]")?dx when fez A %ez ApEZ

Derivation: Integration by substitution

. 2 1
Basis: Cos [z] < == 1+Tan[z]?2
Basis: Sin[z]2 == %

XZ

Basis: If I e z, then Cos [e + £ x]"F [Sin[e + f x]?| = %Subst{ " . X, Tan[e + f x]

<1+X2>m

Rule:if 2 ez A 5 ez A pez,then

bx"+a (1+x2)n/2)p

(1 + XZ) m/2+np/2+1

~J‘Cos[ewa]m (a+bSin[e+fx]")pdlx — %Subst[j( dx, X, Tan[e+-Fx]]

Program code:

Int[cos[e_.+f_.#x_] m_x(a_+b_.xsin[e_.+f_.#x_]"4)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},
ff/fxSubst [Int [ (a+2xaxffr24x 2+ (a+b) +FF 4xx"4) Ap/ (1+FFA2xx"2) A (m/2+2x+p+1) ,X| ,X,Tan[e+f+x] /FF]] /;
FreeQ[{a,b,e,f},x] && IntegerQ[m/2] && IntegerQ[p]

Int[cos[e_.+f_.*x_]"m_x(a_+b_.+sin[e_.+f_.xx_]"n_)~p_.,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},
'F'F/'F*Subst [Int [ (b*-F-F"n*x"n+a* (1+'F'F"2*x"2) ~(n/2) )"p/(1+'F‘F"2*x"2) A(m/2+nxp/2+1) ,x] »X,Tan [e+'F*x]/'F'F] ] /3
FreeQ[{a,b,e,f},x] & IntegerQ[m/2] && IntegerQ[n/2] && IntegerQ[p]

n

dx when 7 ez A fez

N J Cos[e+fx]|"

a+bSin[e+-Fx]n

} OxTan[e + f x]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

dx when % z* A ";—leZ

.. Cos[e+Ffx]|"
' Ja+b5hqe+fxr
Derivation: Algebraic expansion
Basis: cos[z]2 == 1-Sin[z]?

Rule: If 2 € z* A % e 7,then

(1-sinfe+ -Fx]z)"'/2

J- Cos[e+fx]"

dx — jExpand[
a+bsin[e+fx]"

,x] dx
a+bSin[e+1:x]n

Program code:

Int[cos[e_.+f_.xx_]~m_/(a_+b_.+sin[e_.+f_.xx_]~n_),x_Symbol] :=
Int [Expand[ (1-Sin[e+fxx]~2)~(m/2)/(a+bxSin[e+f+x]~n),x],x] /;
FreeQ[{a,b,e,f},x] & IGtQ[m/2,0] & IntegerQ[(n-1)/2]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

dx when % ez A ";—1ez Ap-1€Z Am<®

C £x]"
. J« os[e+ x]

a+bsin[e+fx]"
Derivation: Algebraic expansion

Basis: cos[z]2 == 1-Sin[z]?

Rule:If 2 ezn 1 ez Ap-1€Z A m<o,then

1—Sin[e+-Fx]2)"'/2

J~ Cos[e+fx]|"

dx — JExpandTrig[ (
a+bsin[e+fx]"

,x]dlx
a+bSin[e+-Fx]"

Program code:
(* Int[cos[e_.+f_.xx_]~m_x(a_+b_.xsin[e_.+f_.»x_]~n_)~p_,x_Symbol] :=

Int[ExpandTrig[ (1-sin[e+fxx]"2)~(m/2) x (a+bxsin[e+fxx]"n) p,x],x]| /;
FreeQ[{a,b,e,f},x] & IntegerQ[m/2] && IntegerQ[(n-1)/2] && ILtQ[p,-1] & LtQ[m,0] =)

4: J‘(dCos[ewa])m (a+b (csin[e+fx])")?dx when pez*

Derivation: Algebraic expansion

Rule: If p € Z7, then

J\(dCos[e+-Fx])m (a+b (cCos[e+fx])")Pax — J\ExpandTr'ig[(dCos[e+-Fx:|)"I (a+b (csin[e+fx])")P, x] ax

Program code:

Int[(d_.#cos[e_.+Ff_.xx_]) m_.x(a_+b_.*(c_.*sin[e_.+f_.»x_])~n_) p_.,x_Symbol] :=
Int[ExpandTrig[ (d+cos[e+fxx])~m« (a+bx (cxsin[e+fxx])~n) p,x],x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & IGtQ[p,O]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

u: J(dCos[e+fX])m (a+b (csin[e+fx])")?ax

Rule:

j(dCOS[e+fx])m (a+b (csin[e+fx])")Pax — j(dCos[e+fx])m (a+b (csin[e+fx])")?ax

Program code:

Int[(d_.xcos[e_.+f_.xx_]) m_.x(a_+b_.#(c_.+sin[e_.+f_.»x_])~n_)~p_.,x_Symbol] :=
Unintegrable[ (d«Cos[e+fxx])~m« (a+bx (cxSin[e+fxx])~n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p
5. J(dTan[e+fx])"' (a+b (csin[e+fx])")"ax
1. [Tan[e+fx]" (a+b (cSin[e+fx])")"dx when "';—1 ez

1: |Tan[e+fx]" (a+bSin[e+fx]")Pdx when ez A Yez
Derivation: Integration by substitution

Basis: Tan[z]? == %

Basis: If % € 7, then

Tan[e+ fx]"F|Sin[e + fx]?] = ﬁSubst{umﬁ}, X, Sin[e + fx]2| 65Sin[e + f x]?2
(1-x) 2

Rule: Ifmz;1 ez A 2 ez,then

1

1 X (a+bx"/2)p 5
Tan[e + fx]" (a+bSin[e+-Fx]")pdlx — —Subst[ ———————dx, X, Sin[e+ fx] ]
2f .

Program code:

Int[tan[e_.+f_.*x_]"m_.*(a_+b_.xsin[e_.+f_.#x_]*n_)"p_.,x_Symbol] :=

With[{ff=FreeFactors[Sin[e+f+x]~2,x]},

FFA((m+1) 72) /(2+F) #Subst [Int [x ((m-1) /2) » (a+bxFFA (n/2) xx” (n/2) ) p/ (1-FF+x) A ((m+1) /2) ,X],X,Sin[e+fxx]~2/FF]] /;
FreeQ[{a,b,e,f,p},x]| && IntegerQ[(m-1)/2] & IntegerQ[n/2]

2: [Tan[e+fx]" (a+b (cSin[e+fx])")Pdx when "';—162‘
Derivation: Integration by substitution

Basis: Tan[z]?2 == %ﬁ%

Basis: If ™% € z,thenTan[e + f x]"F [Sin[e + fx]] = ¢ Subst| >*FX-, x, Sin[e + fx] | 6xSin[e + fx]
(1-x%) =



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p
Rule: If % € 7", then

JTan[erFx]'" (a+b (csin[e+fx])")Pax — %Subst[J\xm(

b n\PpP
a+b(cx)") dx, X, Sin[e+fx]]

(1-2)%

Program code:

Int[tan[e_.+f_.*x_]"m_.*(a_+b_.x(c_.»sin[e_.+f_.«x_])~n_)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+f+x],x]},
F£A (m+1) /FxSubst [Int [x m (a+bx (cxffxx)~n)~p/(1-FF 24x72) A ((m+1) /2) ,X],X,Sin[e+fxx] /F£]] /;
FreeQ[{a,b,c,e,f,n,p},x] & ILtQ[(m-1)/2,0]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2. J(dTan[e+fx])'" (a+bSin[e+fx]")pdlx when Eez

1: J(dTan[erFx])"' (a+bSin[e+-Fx]4)pdlx when pez

Derivation: Integration by substitution

Basis: Sin[z]2 -- —tanlzl®

1+Tan[z]?

(dx)"F| =<
1+x?

2

Basis: (d Tan[e + f X] )mF[Sin[e+fx]2} = 1}:Subst{ s X, Tan[e+fx]} OxTan[e + f X]

Rule: If p € Z, then
(dx)" (a (1+x2)2+bx“)p

(1+x2)2P2

j(dTan[e+fx])'" (a+bSin[e+-Fx]4)pdlx — %Subst[J dx, X, Tan[e+-Fx]]

Program code:

Int[(d_.»tan[e_.+f_.xx_])"m_x(a_+b_.xsin[e_.+f_.xx_]"4)"p_.,x_Symbol] :=

With[{ff=FreeFactors[Tan[e+f+x],x]},

ff/f+Subst [Int [ (d«ffxx) mxExpandToSum|ax (1+FF 2xx"2) "2+bxff 4xx"4,x]"p/ (1+FF 2xx"2) A (24p+1) ,X] ,X, Tan [e+fxx] /FF]] /;
FreeQ[{a,b,d,e,f,m},x] && IntegerQ[p]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: J-(dTan[e+-Fx])"I (a+bsin[e+fx]*)Pax whenp—%ez

Derivation: Piecewise constant extraction and integration by substitution

. ; a(1+Tan[z]2)"?<bTan[z]"
Basis: If ™ € Z,thena + b Sin[z]" == aseclzl+bTan[z]T _ (1+Tan(z)’) ol
2 Sec[z] (1+Tan[z]?)

(a+bSin[e+fx]")P (Sec[e+fx]?)"""?
(aSec[e+fx]|"+bTan[e+fx]")P

Basis: If% e Z,then Oy =0
Basis: F [Tan[e + fx]] = 1 Subst| T}, x, Tan[e + fx]| oxTan[e + f x]

Rule: If p - 2 < z, then

(a+bSin[e+1:x]4)p (Sec[e+-Fx]2)2p (dTan[e+£x])" (a (1+Tan[e+1=x]2)2+bTan[e+-Fx]5)p

j(dTan[erFx])"' (a+bSin[e+-Fx]4)pd]x N
(asecles £x]*+bTan[e s 2] @ ton[e s £X] )

—

b si f S f dx)" (a (1 b x*)?
(a+bsinfe+ x]) (sec[e + x] Subst[f( X) +x) + b x*) ax, x, Tan[e+fx]]

-F(aSec[e+-Fx] +bTan[e+-Fx] (1+x?) 2p+l

Program code:

Int[(d_.«tan[e_.+f_.*x_])"m_x(a_+b_.xsin[e_.+f_.»x_]"4)~p_,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+fxx],x]},
ffx (a+b*sin [e+‘F*x] "4) Apx (Sec [e+f*x] "2) A (Z*p)/ ('F*Apar‘t [a* (1+Tan [e+f*x] "2) A2+bxTan [e+'F*x] "4] "p) *
Subst [Int[ (d«ffxx) ~m«ExpandToSum[ax (1+FF 24x"2) "2+b+ff 4xx 4,x] p/ (1+FF 24x"2) * (2+p+1) ,X],X,Tan[e+Ff+x]| /FF]] /;
FreeQ[{a,b,d,e,f,m},x] && IntegerQ[p-1/2]

dx
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

3: J-(dTan[erFx])"' (a+bsin[e+fx]")Pdx when gez Apez*

Derivation: Integration by substitution

Basis: Sin[z]2 == —tanlzl’

1+Tan[z]?

Basis: (d Tan[e + f x] )mF[Sin[eJrfx]z} == %Subst{w, X, Tan[e+fx]} OxTan[e + f X]

1+x2

Rule:If > €z A p ez’ then

(dx)" (bx" +a (1+x2)"/z P

(1 . Xz) np/2+1

j(dTan[ewa])'" (a+bsin[e+fx]")Pdax — %Subst[f dx, X, Tan[e+-Fx]]

Program code:

Int[(d_.«tan[e_.+f_.*x_])~m_x(a_+b_.+sin[e_.+f_.xx_]"n_) p_.,x_Symbol] :=

With[{ff=FreeFactors[Tan[e+fxx],x]},

£ (m+1)/'F*Subst [Int [ (d*X) “m* (b*-F-F"n*x"n+a* (1+'F'F"2*x"2) A(n/2) ) "p/(1+'F'F"2*x"2) A(nxp/2+1) ,x] »X,Tan [e+'F*x] /'F'F] ] /3
FreeQ[{a,b,d,e,f,m},x] && IntegerQ[n/2] && IGtQ[p,O]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

3: J(dTan[e+fx])'" (a+b (csin[e+fx])")?dx when pez*

Derivation: Algebraic expansion

Rule: If p € z*, then

J(dTan[e+fx])m (a+b (csin[e+fx])")Pax — JExpandTrig[(dTan[e+fx])m (a+b (csin[e+£x])")?, x] ax

Program code:
Int[(d_.»tan[e_.+f_.*x_])"m_.*(a_+b_.*(c_.xsin[e_.+F_.«x_])~n_)"p_.,x_Symbol] :=

Int[ExpandTrig[ (d«tan[e+fx])~m« (a+bx (cxsin[e+fxx])~n) p,x],x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & IGtQ[p,0]

u: j(dTan[e+fX])m (a+b (csin[e+fx])")?ax

Rule:

j(dTan[erFx])'" (a+b (csin[e+fx])")Pax — J(dTan[erFx])'" (a+b (csin[e+fx])")?ax

Program code:

Int[(d_.~tan[e_.+f_.*x_])"m_.#(a_+b_.*(c_.xsin[e_.+F_.+x_])~n_)"p_.,x_Symbol] :=
Unintegrable[ (d«Tan[e+fxx])~m« (a+bx (cxSin[e+fxx])~n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

6: J(dCot[e+fx])m (a+b (csin[e+fx])")?dx whenme¢z

Derivation: Piecewise constant extraction

Basis: Oy ( (d Cot[e+fx])" (Ta—”zL”l)m) -0

Rule: If m ¢ Z, then

. . Erachart i Tan[e + f x| Fracpart[m] Tan[e + x|
J(dCot[e+fx]) (a+b (csin[e+fx])")?dx — (dCot[e+fx]) " o — _

y p ]'"‘ (a+b (csin[e+fx])")?dx

Program code:

Int[(d_.#cot[e_.+Ff_.xx_]) m_x(a_+b_.x(c_.»sin[e_.+f_.»x_])"n_)"p_,x_Symbol] :=
(d«Cot[e+fxx])~FracPart [m] x (Tan[e+fxx]/d) *FracPart[m]«Int[ (Tan[e+fxx]/d)~(-m) (a+bx (cxSin[e+fxx]) n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x| && Not[IntegerQ[m]]

7: J-(dSec[ewa])"' (a+b (csin[e+fx])")?dx whenm¢ z

Derivation: Piecewise constant extraction

Basis: Ox ( (d Sec[e+ fx])m (Coslerxl))

Rule: If m ¢ Z, then

m n FracPart[m cos [e + -F X] Frackart [m] cos [e + f X]
J(dSec[e+fx]) (a+b(cSin[e+fx]))"d1x—> (dsec[e+fx]) m — _—

y y ]‘"‘ (a+b (csin[e+fx])")?ax

Program code:

Int[(d_.»sec[e_.+f_.*x_])"m_x(a_+b_.x(c_.#sin[e_.+f_.»x_])"n_)~p_,x_Symbol] :=
(d#Sec[e+fxx] ) ~FracPart[m] » (Cos [e+f*x]/d) AFracPart[m] «Int[ (Cos [e+-F*x]/d) A (-m) * (a+bx (cxSin[e+fxx])n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && Not[IntegerQ[m]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

8. j(dCsc[e+fx])'" (a+b (csin[e+fx])")?dx whenm¢z

1: J(dCsc[e+fx])m (a+bsin[e+fx]")Pdx whenme¢z A (n|p) ez

Derivation: Algebraic normalization
Basis:If (n | p) € Z,then (a+bSin[e+fx]")P==d"P (dCsc[e+fx]) "P (b+aCsc[e+fx]")P
Rule:lf m¢ Z A (n | p) € Z,then

J(dCsc[e+fx])m (a+bsin[e+fx]")Pdx — d"pj(dCsc[e+fx])m'"p (b+acsc[e+fx]")Pdx

Program code:

Int[(d_.xcsc[e_.+f_.xx_])"m_x(a_+b_.*sin[e_.+f_.»x_]"n_.)"p_.,x_Symbol] :=
d~ (nxp) »Int[ (dxCsc[e+fxx]| )~ (m-nxp) » (b+axCsc[e+Ffxx]|~n)~p,x]| /;
FreeQ[{a,b,d,e,f,m,n,p},x] & Not[IntegerQ[m]] && IntegersQ[n,p]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: J(dCsc[e+fX])m (a+b (csin[e+fx])")?ax whenme¢z

Derivation: Piecewise constant extraction

Basis: Oy ( (d Csc[e+fx])" (51—”%“@>’“> -0

Rule: If m ¢ Z, then

m n FracPart[m] Sin [e +f X] Fracrartin Sin [e +f X]
J(dCsc[e+fx]) (a+b(cS:i.n[e+-Fx]))pdlx—> (dcscfe+fx]) f 7

]'"‘ (a+b (csin[e+fx])")?dx

Program code:

Int[(d_.#csc[e_.+f_.xx_]) m_x(a_+b_.x(c_.»sin[e_.+f_.»x_])"n_)"p_,x_Symbol] :=
(d#Csc[e+fxx])~FracPart [m] » (Sin[e+fxx]/d) *FracPart [m]«Int[ (Sin[e+fxx]/d)~(-m)x (a+bx (cxSin[e+fxx]) n)"p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x| && Not[IntegerQ[m]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

Rules for integrands of the form (a + b (cSin[e + fx] + dCos[e + fx])?)"
1. J(a+b (csin[e+fx] +dcCos[e+fx])*)Pdx when p? == ‘1—‘

1: J(a+b (csinfe+fx] +dCos[e+fx])2)pdlx when p2==4l Aa>e

Derivation: Algebraic simplification

Basis: c Sin[z] +dCos[z] == 1/ c? +d? Sin[ArcTan[c, d] + z]

Rule: If p> = 2 A a > @,then

2
j(a+b (csinfe+fx] +dCos[e+fx])2)pd1x — j(a+b (\/ ¢’ +d? sin[ArcTan[c, d] +e+fx]] ]pdlx
Program code:
Int[(a_+b_.»(c_.#sin[e_.+f_.»x_]+d_.xcos[e_.+f_.»x_])~2)p_,x_Symbol] :=

Int[ (a+bx (Sqrt[c~2+d~2]+Sin[ArcTan[c,d] +e+fxx])~2)~p,x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[p~2,1/4] && GtQ[a,0]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sin(e+f x))"~n)"p

2: J(a+b (csinfe+fx] +dCos[e+-Fx])2)'°d1x when p2==4l Aao

Derivation: Piecewise constant extraction

\/a+b (cSin[e+f x]+d Cos[e+f x])?

\/1+ b (cSin[e+f x]+dCos[e+fx])?

Basis: Oy == 0

a

Rule: If p? = > A a # @,then

(a+b (cSin[e+ fx] +dCos|:e+-Fx])2)p

J(a+b (csinfe+fx] +dCos[e+fx])2)pd1x N

. 2\ p
(1 + b (c Sm[e+fx];d€os[e§fx]) )

Program code:

Int[(a_+b_.»(c_.#sin[e_.+f_.»x_]+d_.xcos[e_.+f_.xx_])"2) p_,x_Symbol] :=
(a+b (cxSin[e+fxx]+d«Cos[e+fxx])"2)~p/(1+ (b (cxSin[e+fxx]+d«Cos[e+Ffxx] ) 2) /a) "px
Int[ (1+ (b (c+Sin[e+fxx]+d«Cos[e+fxx])~2) /a)*p,x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[p~2,1/4] && Not[GtQ[a,0]]

Jl

b (cSin[e+fx] +dCos[e+1=x])2 P

a

dx
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